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Order electricity reconsidered

by W. J. A. GOOSSENS

Philips Research Laboratories, P.O. Box 80.000, 5600 JA Eindhoven,
The Netherlands

We have considered the Landau-de Gennes expansion of the distortion free
energy to examine a possible connection between the electric polarization in terms
of a gradient of the order parameter and the electric polarization resulting from
splay and bend distortions of the director. In addition we have considered the
electric polarization connected with the electric quadrupole density, which is not
contained in the Landau-de Gennes expansion.

1. Introduction
Long ago Meyer [1] argued that distortions of the director field n(r) may
induce a macroscopic polarization. Considering n,; = 0n;/0r; and the electric field
E,i j = x,y,z, as the independent variables in the differential of the thermodynamic
potential he expanded the conjugate variable D, as

D; = ¢;E + 4neyn;,. (1)

Employing the local symmetry with respect to n = (0, 0, #,) he showed that the
flexoelectric polarization (P;); = e;;n;, is determined by the independent tensor
elements e, = e,, = ¢, and ¢,,, = ¢,,, = e, leading to

P, = en(V-n) + e;(n- V)n )

2y

Recently Barbero et al. [2] have extended equation (1) by considering the gradient
of the order parameter S as an additional independent variable, that is D;is expanded
as

D, = ¢;E; + Aneyn;, + 4nR;S ;. 3)
The order electric polarization (P,); = R;;S ; was written as
PO == rln(n * V)S + r2VS. (4)

In order to relate the unknown coefficients r, and r, to the well-known coefficients
e, and e, they then considered the free energy as a function of the independent
variables E; and Q;;,, where Q;; = S(nn; — §,,/3), leading to

D, = ¢,E + 4nGyy Q- ©)
Using,
(Pa)i = GuuQ ©

they produced some relations up to second order in .S between the coefficients r, and
r, in equation (4) and the coefficients ¢, and e, in equation (2). As the derivation of
these relations cannot be found and the problem itself is intriguing we recalculate in
§2 (P,); from equation (6). Moreover we introduce in the expansion of D, in terms of

0267-8292/89 $3.00 © 1989 Taylor & Francis Ltd
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Qjx.;> given by equation (5), the next higher order term proportional to Q;;Qy, ., giving
rise to additional terms for (P,), in equation (6), second order in S. As it turns out that
the relations given in [2] between the coefficients r, and r, and the coefficients ¢, and
e, cannot be verified, equation (4) is just a formal expression without a physical
meaning. Therefore we consider in §3 the possible existence of order electric polarization
in connection with flexo-electric polarization on the basis of the interaction between
the electric quadrupole density and the gradient of the electric field. The inhomogenity
of the field is described in terms of the anisotropy of the diclectric tensor, which indeed
is a different procedure than used in [3]. The discussion of the results is given in section
4 together with a consideration of the Landau-de Gennes expansion of the distortion
free energy [4, 5] and its extension to the elastic free energy [6, 7].

2. The Landau-de Gennes expansion of the distortion polarization
In the Landau-de Gennes description of liquid crystals the free energy is expanded
in powers of the tensor elements Q,, = S(n;n; — 6;/3) and the derivatives Q,;, =
0Qy;/0r,. The distortion free energy in lowest order of the independent variables Q;
and @, ,, originally introduced as [4, 5]:

Jo = 3010y Qux + L2045 Qs (M
where L, and L, are temperature independent material parameters, is, in its general
form, given by

fd = %Bijklanij.lem.n‘ (®)
The connection between the coefficients L, and L, and the tensor elements By,
is derived in the Appendix and discussed in §4.

In an electric field there is a contribution to the free energy which, with the electric
field E as the independent variable, is given by

1
Je = — 8 ey EE;. 9
The elements ¢; of the dielectric tensor can be written as
sij = 8L5ij + (8" - gl)ninja (10)

where ¢, and g, are the dielectric constants perpendicular and parallel to the director,
respectively.

In addition to the pure distortion and dielectric free energy, quadratic in the
independent variables Q;;, and E,, respectively, we may also consider an additional
contribution A f'to f due to a coupling between the distortion Q;; , and the electric field
E;. In lowest order of the independent variables Af is written as [2]

Af = “EiGijlejk,/- (11)
Minimizing the free energy
f=tat+fe+AS (12)
with respect to E; we find for the conjugate variable D, = —4rdf/dE,
D, = StjEj + 4n(Py);, (13)
where the distortion polarization (P,); is given by
dAf)
Py = ——5— = Gijlejk,l' (14)
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The independent non-zero elements of the fourth-order G tensor can be found in
the standard way by employing the local symmetry with respect to the director. In a
local coordinate system x, y, z where the director at the origin is along the x, y or z
axis, these axes are two-fold rotational symmetry axes. Symmetry then demands that
G, is pairwise even in the indices i, j, k, / = x, y, z that is

ij
(Pd)i = Gij)‘inj.i + (Giijj + Gijij)Qij,j' (15)
Considering an infinitesimal rotation of m in this coordinate system, i.e. n(r) =

n(0) + on(r), and taking into account the constraint n’(r) = n’(0) = 1, we have in
equation (15)

Ii

Qji (n; — 1/3)S, (16)
Qij,j = S(ninj),js (17)

leading to
(P = (?’Giiii("lz2 - %) + Gi]ﬁ(njz' - %))S, + (Giij/' + Gijij)S(ninj),ja (18)

where [, j = x, y, z with the proviso that in equation (18) i # j. In view of the
equivalence of the x, y and z coordinates, we may introduce the independent coefficients

r% = 3G — Giis ¥ = Gy + Gy, 1 #J, (19)
to write equation (18) in the form
(By): = (Pcfo))i = r(O)(ninj - 51‘,’/3)5,1' + e(O)S(ninj,j + njni,j)s (20)

valid for any direction of n. These equations show that in first order of S there is no
relation between the polarization due to a gradient of S and the polarizations due to
a splay and a bend distortion both proportional to ¢”S. As the splay and bend
polarizations described in [1] and considered in [2] are independent modes, second
order in S, we therefore introduce in equation (11) the next higher order term in the
expansion of Af linear in @, that is,

Af = —‘EiGijlejk,l - EiGijklanijlm,n (2D
leading to
(Py);, = Gy + G Q) Qiics = (P + (P, (22)
(cf. equation (14)). Proceeding as before it is easily found that (P{"),, determined by
(P, = Giiti Qi Qi + G Qi ik + G O Qs + G Qi Q. j» (23)
yielding
PP = (GyyQy + GiyiQi)Qys + Gy Qy + Gy Qi)Qys s (24)
can be written as
(P") = 4G Q:0is + (G @y + Gy Qi)Qyii + (Giyiy @y + Gy @) Qs o
(25)

where i, j = x, y, z with the proviso that in equation (25) i # j. In view of the
equivalence of the x, y and z coordinates we may use the following notation for the
independent non-zero elements of the sixth order G tensor

g = Guw, & = Giﬂjjia g = Gy, 8 = Gijjijjs gs = Gy, (26)
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to write equation (25) in a coordinate free form
P, = ("nm; + r08,)SS; + (€Pnin;; + n;n, )S?, 2N
where

K

(g, — & — g)3, ) = () + 2g3)/3,} (28)

e = (285 — g3, &) = (28 — g)/3,

are in general four independent coefficients. Accordingly there is also, in second order
of S, no relation between a possible polarization due to a gradient of S and the now
mutually independent splay and bend polarizations.

To compare these results with those of [2] it should be noted that the Landau
expansion of the free energy in powers of Q;; and Q;;, was introduced by de Gennes
to describe the nematic-isotropic phase transition [4]. The free energy connected with
the spatial variation Q;;, of the order parameter Q,; was for that purpose written in
terms of two rotational invariants shown in equation (7); this implies that the tensor
B In equation (8) is constrained to the form

Bijklmn = Lléiléjmakn + L25i16jk5mn’

appropriate indeed for the isotropic phase [4]. As such an expansion is inadequate to
describe the distortion free energy of the ordered phase, it was not meant for that, the
expansion of f; in equation (7) has been extended with all possible third order
rotational invariants of the form Q,;Q,,;0u,,, Q;;Qu Q> etc., with arbritrary tem-
perature independent coefficients [6, 7). This extension of the original Landau-de
Gennes expansion in equation (7) is equivalent to the statement that the tensor B,
in equation (8) should be written as

Ly 5i15jm5kn + L25i15jk5mn + gléil(sijkn + 32511Qjm5kn +o

This indeed is the essence of the procedure in [8], albeit in a slightly different way, to
account for the possible symmetries of the ordered phase, also discussed in [9].
Considering now the expansion of A fin equation (21), linear in Q;; ;, as an expansion
in terms of rotational invariants with temperature independent coefficients G, similar
to the extended expansion of f;, we find

Af = =G0y E — (GQuQii + G:Qu Qs + GaQuQiik + GsQuQu; ) )E:,
(29)
valid for any direction of mn. This expansion immediately shows that all tensor
elements G, in equation (11) are replaced by one coefficient G|, making both #* and
" in equation (20) equal to 2G,. Further inspection of equation (25), cf. equation

(24), shows that both tensor elements G;;; = g, and G;;;; = g, in equation (25) are
represented in equation (29), Af = —(P,),E;, by one coefficient, i.e. G,, that is

ijkimn

following, special form of equation (28)
o= 2g/3, 1’ = 89, & = & = g3 (30)

The only way to retain in the Landau-de Gennes expansion of A f the splay and bend
polarizations as independent modes, is to make in the last two terms of equation (24),
cf. (29), the restriction i # j; then indeed Gy = G, = g, and Gy = Gs = g5
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remain independent of G, = G, = g, = g, = g; and of each other, yielding
o= Qg —g —g)3 =0, 1 = 23, } G1)
e%” = (2g5 — g4)/3, ‘-’9) = (28, — &)/3,

which are discussed in §4.

3. Distortion polarization in connection with the electric quadrupole density
Apart from the formally introduced contribution Af, equation (21), to the free
energy we now consider the additional energy

Af, = —q:VE = —q,E,,, (32)

due to the interaction of a given electric quadrupole density with the gradient
of an applied field [10]. The electric quadrupole density is defined in terms of a
second order tensor g,, which for uniaxial orientational order can be written
as [3, 11]:

9 = Q:S(”j”k - 5jk/3) = q;fij- (33)

Here ¢}S = g, — g, is the anisotropy of the electric quadrupole density with
respect to the director. For later use we note that equation (32) is based on the
interaction energy of a molecular quadrupole g,, = 1X,e,,r,,I,, With the gradient of
a local electric field, averaged with an appropriate single particle orientational distri-
bution function f(cos 3). The local field can be written as E,,, = K - E where E is the
Maxwell field and K a molecular tensor which is independent of the dielectric anisotropy
g — &, and accordingly independent of the molecular orientation with respect to the
director [12, 13]. Hence the orientationally averaged interaction energy density
{qn: V(K E)) defined by

{g.:V(K-E)) = ¢ J: d(cos 8) - f(cos 9)g,,: V(K - E) (34)

can be written as

{4« K>:VE = grQ:VE, qf = o4,

where g, = ¢ K, — ¢, K, is an effective anisotropy of the molecular quadrupole tensor
and p is the number density; l(ongitudinal) and t(ransverse) respectively refer to
parallel and perpendicular to the long molecular axis.

The condition div D = 0, appropriate to the case of an insulating medium, can
be written as, cf. equation (13},

0
Dj,j = ‘6‘;“ (EjkEk + 47'[1)]) == sjk,jEk + sjkEk,j + 47'5}3"}' = 0 (35)

J

which, in view of the condition rot E = 0, yields

J.
Ey = — 2 (e,E + 4nB,), (36)
o

where ¢,

;> defined in equation (10), can also be written as

&g = &0; + &0y, &fS = g —e&;, & = (2e, + g)/3. (37
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Substitution of equation (36) in equation (32) yields

Af, = qy(e,E + 4nF ey (38)
giving rise to an electric polarization (P,); given by
oAS)
(Pq)i = = —((3%1_ = - qjjstj,j/gjj (39)
which in view of equations (33) and (37) can likewise be written as
(Pq)[ = - qrg:‘ijQij,i/ajj' (40)
Writing (P,); = (Py); + (P); we then have
(Po): = —qkeX(n} — 1/3)(mn; — 6,/3)SS /e, 41
(B = —qier(m — 1/3)nn) ;S%ey, (42)

valid for any direction of n. Equation (42) shows the flexoelectric polarization resulting
from a distortion of the quadrupole density does not discriminate between splay and
bend distortions; it is only when the director is along the x, y or z axis that these can
be separated, that is with n along the z axis,

—2g*e*S?

T A R

3¢ + 2&¥S ’

Here we also note that equation (42) for (£), is quite different from the equation
(Pf)z = —Liiq:S(ninj),j (44)

derived in [3] (the quadrupole tensor ®; in this is defined so that ®; = 3¢, and
©, = 3¢*8) with L; = L + L,/3 and reconsidered in [14] with L, = L_, for splay
and L, = L, for bend polarization respectively; L is a Lorentz local field tensor
written in terms of a macroscopic anisotropy L, = L, — L, thatis

L, = L8, + Linn, — 8,13 “9)

The basis for the derivation of equation (44) is the introduction of a polarization P,
cf. equations (2.4), (2.5) and (2.8) l.c., given by

* ok G2
+qrers I Py, =

i e Yo . | = .43
3 — s T i x,y. (43)

(B, =

P, = (gij - 6ij)qjk,k = ik — ik (46)
in terms of the gradient of the quadrupole density and the unknown tensor g;.

Compatibility of equation (46) with the free energy of a quadrupole density in a field
gradient, written as

0
F = Jdrﬂ = - J‘drqija—r(LikEk) = - J‘drqijLikEk,j 47
J
apparently requires, l.c.,
gy = (1 + Ly, (43)
which is conceivable only when equation (47) is integrated by parts to yield

F = +meM%J= +IﬁE%¢ﬂWMr (49)

Here it should be noted that equations (47) and (49) together are only meaningful
together i.e. non-zero, when n;n; — 9,,/3 and (n;n)) ; are simultaneously non-zero; this
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indeed requires that the director is not along the x, y or z axis. In that respect equation
(49) cannot be interpreted in terms of independent splay and bend polarizations; the
definition of a Lorentz local field tensor in terms of a macroscopic anistropy, cf.
equation (45), being at the same time independent of position, cf. equation (47) is also
noteworthy.

More relevant however is to examine the origin and meaning of equation (46).
Consider therefore the microscopic field equation [15, 16]

Vee = 4n) Y ¢,,0R,, —R), (50)
where e is the electric field in vacuum in the presence of point charges e,,, with radius
vectors R,,,; the indices v and m refer to the vth charge of the mth molecule, considered
as a stable cluster of charges. The radius vector R,,, is written as R,, + r,,, wherer,,,
is the radius vector of the charge ¢,,, with respect to the mth centre of mass with the
radius vector R,,. The development of the right hand side of equation (50) in a Taylor
series up to second order in r,,, yields

V-e = dn(eg — V- pr + VViqz), 5N

where
eg = Zemé(Rm - R)a €y = Zemv? (52)
Pr = meé(Rm - R): Pn = Zemvrmv’ (53)

I

qr = Z qmé(Rm - R)’ qm %Z [CANY ) P (54)

are the densities of the discretely distributed molecular moments e,, p,, and g,
respectively. The corresponding macroscopic densities, considered as continuous,
slowly variable functions of the space coordinates are defined as the statistical averages
of the fluctuating densities taken over a volume element AV, large on a molecular scale
and yet small on a macroscopic scale. These averages can be written as

(mg) = fdrmk(r)exp(-U(r)/kT) / f dTexp(— UT)kT),  (55)

where I denotes the set of translational and orientational variables of all molecules
in the volume AV around R; U(I) is the total energy as a function of the variables I".
The Maxwell field E inside the system is the macroscopic field generated by the internal
and external sources, i.e. E = (e) + E,, . As V-E,, = 0 inside the system,
equation (66) may be written after averaging as

V:E = 4n(Cerd> — V- (pz> — V- <4qr>)) (56)
or
V:D = 4nlep) = 4ne (57
which defines the displacement vector D, i.e.
D = E+ 422 = E + 42({pr> — V- {qr)) (58)

Up to now the origin of the polarization £ has not been specified, which indeed
is not necessary to arrive at equation (58). However by extracting that part of # due
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to the mclecular interaction with E and usually linear in E, ie. 2(E) = y'E,
equation (58) can be written in the general form

D = E+ 4ny E + 4nKpg) — V- <{qg>) = €'E + 4n2P, (59)

in which a possible non-zero 2 is due to intermolecular interactions. Up to the order
written equation (59) is complete. The addition of a term g, g, , to this equation to
describe the specific polarization in liquid crystals leading to equation (46) is redundant
and ambiguous, no distinction being made between (g, > defined according to equation
(55) and the averaged value {g,,> = ¢*Q in equations (33) and (34). Therefore, it is
difficult to appreciate the meaning of equations (46) and (48). We end this section by
considering the case that n = (n,(2), 0, n,(z)) and § = S(2), relevant indeed when a
voltage V' = jg dzE(2) is applied across the sample. From equations (41) and (42) we
easily find

- q:ﬁ:(ng - l/3)’1xnzS‘S',z
(Po)e = e+ e*S(n> — 1/3) (60)
greX(nl — 1/3)’SS,
e+ e*S(n? — 1/3)°
q,"‘ssz(nf - 1/3)(nxnz),z

(B)e = == + e¥S(ml — 1/3) ©

gie,*S*(nl — 1/3)(n),,

(Py), = (61)

P =
(B e+ e*¥S(mt — 1/3) (63)
whereas equation (32) can be written as
A~fq = —qzzEz,z = % (azz,zEz + ezx.zEx + 4nPZ,Z)
=& (sE + 222 (g, [D, — 4nP,] + 4ne,P,) + 4nP”) (64)
£, g€y '
yielding with
&y £,;
E. = — —=|[D, — 4nP] — 4nP, = constant
g6y &é1
. D,  4n(g + ¢ )P, 01 (e.D 4n(e, + € )P,
A - xx 4z I 14z > xx 4z il 1L+ .
/s <s"£ L + 2g8, Gz + 0z |\ &8, + 26,8, q=
(65)

The last term gives rise to a surface energy

47[(€n +£;) 475(811 + €,) 8:(‘1:5)2(”3 — 1/3)2 0 2
E = e 77 = _ _
surk 28, P-4 2ee, &+ e*S( — 1/3) oz (SCr: = 1/3))

(66)

in the absence of the external field which couples the director at the surface with the
gradient of the order parameter at the surface.
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4. Discussion

The Landau-de Gennes expansion of the distortion free energy in terms of the
gradients of the tensor order parameter is a simultaneous expansion in terms of the
gradients of the order parameter S and of the gradients of the director field (n;n,). In
such an expansion the coefficients determining the contributions in terms of S, and
(n;n)) ;, are directly connected; cf. equation (A 2). Therefore a connection could be
sought between the coefficients r, and r, in equation (4) and the coefficients ¢, and e,
in equation (2) by making a similar expansion of the electric distortion free energy.
Indeed considering the relevant expression of the distortion free energy in equation
(11) it may be noted that equation (18) yields two contributions to the distortion
polarization which on account of symmetry are unrelated; the tensor elements G, G
and G;; = G, are independent. Considering however equation (11) as a Landau-de
Gennes expansion, i.e. writing Af = G, E;Q; ;, the various tensor elements G, are
replaced by the coefficient G, connected with the one invariant E;Q, ;. Then the
coefficients r® and ¢ in equation (20) are equal, i.e. ¥ = @ = 2G,. Equations (27)
and (28) show that in second order of S also there is, on account of symmetry, no
relation between order electricity and the now mutually independent splay and bend
polarizations. When however equation (21) is considered as a Landau-de Gennes
expansion, then all contributions to (P{"), in equation (27) are determined by one
common coeflicient. Indeed the four coefficients connected with the four invariants
O Qi Ei* Qu Qi Eiy QuQumiE; and Q, 0y ;E; in equation (29) which replace the
second term in the right hand side of equation (21) are all equal, due to the presence

equation (30).

At this stage we note that the coefficients e, and e; in equation (2) describing splay
and bend polarization as independent modes are in lowest order quadratic in S and
in principle different coefficients. Indeed according to the physical model [1, 17] the
splay and bend polarizations are due to a coupling between the geometrical asymmetry
of conical and bow like molecules respectively, and the macroscopic splay and bend
distortions respectively. In the simple model of [17] ¢, = K|, S.p,/kT and e; =
Ki3b,.p, [kT, where K|, and K, are the elastic constants for splay and bend respectively,
in lowest order proportional to S*; p, and p, are the longitudinal and transverse
components of the permanent molecular dipole and S, and b, are a characteristic splay
and bend, respectively in terms of the geometrical asymmetry of the molecular
anisotropy. The essence of this description of the splay and bend polarizations comes
also to the fore in the refined and elaborate theories in [18, 19]. Then indeed it may
be concluded that the polarization linear in S given by equation (20) has no relation
with the splay and bend polarization in equation (2), where e, and e, are proportional
to S2. Without a physical model equation (20) is just a formal expression. In order
that the second part of equation (27) can be identified with equation (2), in which
e, # ey, it is necessary to retain the independence of the tensor elements g, and g5 that
is g4, g5 # g,. Then the splay and bend polarizations in equation (27) are also in a
Landau-de Gennes expansion independent of each other and of the order polarization,
the latter being undetermined and independent of n; r{"! = 0, cf. equation (31). In this
respect it is difficult to appreciate the meaning of the relations between the coefficients
i, 3, €, and e;, given in 2], which relate the order electric polarization with the
mutually independent splay and bend polarizations in second order of S. Indeed as
shown in equation (30) the order, splay and bend polarizations in equation (27) are
all determined by one unspecified coefficient g, = g, = g5 or they are, according
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equation (31), mutually independent, i.e. g, # g, # g5, where (2g; — £,)5°/3 = ¢,
and (2g, — g5)S%/3 = e,. The same result for the coefficients e, and e, in terms of the
expansion coefficients in a Landau-de Gennes expansion has been obtained in [20],
where AP = G5 = gsand 49 = G, = g,.

In view of the consequences of the Landau—de Gennes expansion of the distortion
free energy in terms of scalar invariant combinations of Q; and @, , for the description
of the distortion polarization linear in Q,; ,, we have considered in the Appendix the
usual Landau-de Gennes expansion of the distortion free energy quadratic in O,
[4, 5] and the extension of it in terms of scalar invariant combinations quadratic in
0, « and linear in Q;; [6, 7, 9]. There it is shown that the expansion in equation (A 2),
cf. equation (7), in terms of two invariants with arbitrary coefficients L, and L, give
rise to four relations between the six coefficients, introduced as independent tensor
elements, which occur in the expansion of equation (A 4); cf. equation (A 16). The
addition of a third invariant to equation (A 2) give rise to additional relations between
the tensor ¢lements in equation (A 18); cf. equation (A 20). The relations in equations
(A 16) and (A 20) are compatible only if all of the coefficients b, are equal, that is
L =L,=L,=b,.

This restriction is the consequence of the fact that the invariants are introduced
as scalar contractions of the tensor elements Q,; and their derivatives, independent of
the choice the coordinate system. This is also the case in equation (A 21) where as a
consequence of equation (A 28) all coefficients C® are equal, leading to equation
(A 33). These equalities resolve the arbitrariness of the relations between the various
tensor elements in equations (A 16), (A 20) and (A 31), which indeed have no con-
ceivable relations to the symmetry of the director field (#;n;) and its derivatives; they
do not interfere, however, with the independence of the four elastic modes V; defined
in equation (A 24).

The existence of an electric polarization due to a gradient of a quadrupole tensor
is not surprising; the equivalence of both, explicitly shown in equations (58) and (59)
is well known and needs no elucidation [15, 16]. The proper relation between the
macroscopic polarization and the orientational averaged quadrupole density, shown
in equation (40), is on the contrary not trivial; the statistical averaged value of the
molecular quadrupole density defined in equation (55) is not the same as the orien-
tational averaged value of the molecular quadrupole density in equation (34) cf.
equation (33). It is satisfactory in that the required anisotropy of the quadrupole
density is consistent with that of the molecular shape and polarizability, which indeed
determine the orientational order [11]. Equation (42) shows that the polarization due
to the quadrupole density in terms of (n;n,),, does not discriminate between splay
polarization and bend polarization introduced in [1] as independent modes; cf.
equation (2). Indeed the quadrupole polarization has no relation with the flexoelectric
polarization in terms of the geometrical asymmetry of the molecular anisotropy. We
may also note that the freeenergy Af, = — (P,),E, due to the quadrupole polarization
(P,), defined in equation (40) is not contained in the Landau-de Gennes expansion of
the free energy Af = — (F),E; in equation (29). Comparison of equation (40) with
equation (29) shows that only the invariant E;Q; Qi » = E;Q;Q;; + EQuQyi)i=;
in equation (29) contains a term which resembles the energy (P,),E;; in view of the
denominator g; = & + &fQ; in equation (40) they are however not identical. So we
may conclude that a Landau-de Gennes expansion of the distortion free-energy is not
very useful for the discussion of order, splay, bend and quadrupole polarization.
Finally the consequence of the coupling between the director and the gradient of the
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order parameter at the surface, described by equation (66), for the director orientation
at the surface will be discussed in the near future.

Appendix
The Landau-de Gennes expansion of the distortion free energy is given by [4]
Jas. = 3L1QyxQui + 30,04, Qi ks (Al)

yielding [5]
Sfiw = LiG(VS)Y + (Vn)’S? + (n-rotn)’S* + ((n* V)n)’S?)
+ L(n;n;; — n,m; ,)S?
28
+ 3L, (%(VS)Z + 3((@V)S) + 3 2(V-m@m-V) — ((n-V)n) - V))S>
+ 1L,((Vn)’S? + ((aV)n)*S?)
= (L, + (L)(VSY + L ((n* V)S)
+ 1L, S2(V-n)@m-V) — (nV)n) - V)S
+ 1L, + L)V n)* + ((n- V)n)*)S? + L,(n - rotn)’S?

+ Ll(ni,jnj,i - ”i.i”j,j)a (A2)
where the last term can be written as
nn,; — mn ;o= Ve((m-Vn — nV-n). (A3)

The distortion free energy can also be written in the general form

.f:'lisl. = %Bijklmn Qij,k le,n ’ (A 4)

where the By, are the elements of a sixth order tensor. In order to employ the
symmetry with respect to the local director, we consider a local coordinate system x,
v, z in which the director at the origin is along the x, y or z axis. Symmetry then
demands that the indices i, j, k, /, m, n are pairwise equal, yielding

fdist. = %Bijkiijij,inj.k + %Bijiikaij.jQik.k' (A 5)
Considering an infinitesimal rotation of the director, i.c.
n(r) = n(0) + In(r)
where n(0) = n(r) = 1, we have
Qu, = = 13S; ij = x5z (A6)
©udies = St hjk = x = (A7)

The expression B, QO « in the right hand side of equation (A 5) can consequently
be written as the sum of four separate terms i.e.

(1) BuuQii = Buu(ni — 1/3)'S3

) ByyQi, = ByyWi — 13785 i+

() 2ByyQ5, = 2By;(mn),S% i #j

@) 2B = 2B S i) £k £,

(A8)
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where, in view of the equivalence of the x, y and z coordinates, the four distinct
elements of the sixth order B tensor can be written as

bl = Biiiiii’ bz = Biijiija b3 = Biﬁijj, b4 = B"kijk; (A 9)

i
herei # j # k # i, i,jk = x, y, z.
With the director along the z axis we find

(D) b — 1/3)'ST = §b(S5 + S + 45))
() by(ni — 1/3)'S; = 3by(5(S% + S)) + 257)

2 Q2 2.2 2 2 (A 10)
(3) 2b3(ninj),jS = 2b3(nz(nx,x + n?v,y) + nz(nx,z + ni,z))s
(4) 2b(n) S = 2b,(R(m3, + m;,)S?
which can be written in the general form
B Qi Qix = (b + 5b)(VSY + 4(by — by)((m - V)SY
+ 2b5((V+n) + ((n* V)n)*)S? + 2b,(n * rotn)*S?
— 2byn; i, ;S* + 2b,mn; S? 0 # (A1)

The expression B,y Qy; ;Qu « On the right hand side of equation (A 5) can equally be
given an explicit form, that is with the director along the z axis, the four separate terms
are

(1) bi(ni — 1/3)’S3 = §b,(S% + S5 + 452)
(2) 2bs(n} — 13)S,(nn) ;S = 4b5S(n,(n,. + n,,)S,
— 2b;S(n,n, .S, + nn,.S,) (A12)
B) b8 = bR, + 1)) + (. + n,)S?
@) bs(nn) (nn),S* = 2bsnin, ,n, S*,
where b; and b, denote the tensor elements
bs = By, by = Byw; i#j#k#IL (A13)
Rewritten in a coordinate free form we find
By Qi Qui = §b1((VS) + 3((n - V)S))
+ 2h, SV RN V) — (n-V)m) - VIS + by((V - ) + ((n-V)n)*)S?
+ (b — by)m,n; ;S* i # (A14)
Substitution of equations (A 14) and (A 11) in equation (A 5) yields
2fy = LQ2b, + 5b,)(VS) + 1(2b, — by)((n- V)S)?
+ 25sSQ2(V-m)(@m V) — ((n*V)n) - V)S + 35;((Vn)> + ((nV)n)*)S?
+ 2b,(n - rotn)’S? + 2b,n, ;n;;S? — (3by — be)n,n; ;S i # j
(A15)
Compatibility with equation (A 2) requires
2, = Li+ Ly, b, = b, = L, 3y = 2L+ L,, by = by = L,.



14: 55 26 January 2011

Downl oaded At:

Order electricity reconsidered 1095
According to [6 and 7], the expansion in equation (A 1) should be completed with the
term 11,0, ,Q ;» where the invariant Q,;,Q; ; can be evaluated as
ik Qi = $(VSP + §((-V)S) + 1S V)n) -V — (V-m)(n- V))S
+ (V) + (- VID))S® + (n;;n;, — n,n; ;)S* (A17)
yielding
2fy = 6L, + L, + L)(VS) + WL, + Ly)((n-V)S)
+ 3L, + L)S(V-m)y(m-V) + ((n+ V)n) - V)S
+ (L, — L))S({(Vn)(nV) — ((nV)n) - V)S
+ 2L, + L, + L)V - n)’ + ((n- V)n)*)S? + 2L,(n - rotn)*S?
+ QL, + Ly)(n, ;n;; — nyn; )S* = 5(3b, + 5b,)(VS)’
+ 3(3b, — by)(n - V)SY + 1(bs + b,)S(V -m)(n- V) + ((aV)n) - V)S
+ (bs — b,)SV - m)(n - V) — ((n - V)n) * V)S + 4b,((V * n)* + ((n - V)n)?)S?
+ (2b, + b)(n, n;)S* — (4bs — be)n,;n;.;S* + 2b,(n - rotn)’S?, (A 18)
where
b; = By, by = By, (A19)
Compatibility requires
3b) = L+ L,+ Ly, b, = b, = L, by = b, = L,,

In order to lift the degeneracy of the elastic constants K;, and Kj;, cf. equation (A 15),
we may introduce an additional distortion free-energy of third order in S which, in
[6 and 7] is written as

6
Afy = Y, CPGP. (A2

i=1

Here the C® are phenomenological coefficients and the G the six invariants

G = 0;0u Quiss G = QyQuxQui
G§3) = Qy0u1Quss GY = Q i Qi Qs (A22)
GY = Qi Qi1 Qi js GY = Qw1 Quj-

In a local coordinate system in which the director at the origin is along the z axis, these
invariants are easily evaluated, that is with § constant and Q,; oc d,;, Q;;, oc (1 — §;),
we find

G = 0i04iQui = —30u(Qus+ Q,),)S
= 30y (Qexx + 00))S + $HQexxOs: + 0s,0,:2)8
= ~H@mn), + (,n). 7S + H(n), + (0,n.)2)S°
= —4(V-n)’S* + Z((n- V)n)’S’. (A23)
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Proceeding in the same way and using the notation
4 (V-m)P’SY3, ¥, = (@-rotnf’S3, ¥ = ((n-V)n)$s’3,
Vi = (n;n;; — ni,inj,j)S3/39

LjTE

(A24)

we obtain for the six contributions to equation (A 21)
CPGY = CP(=V, + 213), PGy = eV - W),
CPGY = COW + V+ Vs + V), CPGP = CPRV -V, + 20,
CPGY = CO=V, + 2V, = Vo),
COGY = 2CP(=V, = V, + 2V, = Va).
(A25)

Equation (A 21) however, can by analogy with equations (A 4) and (A 5) be written
in a more general form, that is with the director along the x, y or z axis, the coefficients
CS., . in equation (A 21) being replaced by a set of elements of an eighth order
tensor, that is, cf. equation (A 22),

3) 3 3)

Cf = B Cé) = B, C3 = Biiiklikl:}
(3) (3) 3)

C = By, C5” = B Cé = Bl

The invariants in equation (A 21) and defined in equation (A 22) have now to be
evaluated in combination with the tensor elements given in equation (A 26). Considering
the first term with S constant and Q; oc d;, Q;;x o (I — ;) and n along the z axis
we obtain

Biikiks Qi Qi Qs
= + BiiikikiiS3(“%((nxnz),2x + (nynz),zy) + %((nznx),zz + (nzny),zz))
+ BikienS* (— 3 (,m,) . + (myn), + (myn) (non,) )
+ BiiikikiiS3(—%((nxnz).x + (nynz),zy) + %((nznx),zz + (nzny),zz))
+ Biiwi — Biwa)S® * 3(nem) (n,n,)
3

S3 S .
Biiinis 3 (“(V“)z + ((“V)“2)2) + (B — Buwirn) 3 R J#F L

(A26)

(A 27)

All other contributions can be evaluated in the same way. Collecting the results, the
six contributions to Af, in terms of the six invariants from equation (A22) in
combination with the tensor elements of equation (A 26) come to the fore as

(=N +21) + (¢ — ey,

a2V — V) — 2ey — cnyn;;

(=W +21) + a2V, — V) + os(Vy + Vo) + (e — 205 + cs)nny
a2V, — Vi) 4+ 2¢Vy + 2(cs — c3)nym;

o=V + 213) — Vo + (o) — edmymy

20/(— WV + 2V3) — 2c(Va + Vo) + 2(c) — cdngmy s 0 #

Liftj

(A 28)
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where
¢ = Buwi» ¢ = B
& = Bumirs €4 = Bk (A29)
¢ = By, € = Buun,
¢; = B> ¢ = B
leading to
2Af = (6c; — Sc)V; — ey — ¢s)Vs + (12¢; — 3¢V
+ (265 — ¢3) — (2c5 — )V (A 30)
on the condition that
5¢, — ¢, — 6¢; + 2¢4 + (2cg — ¢7) + (2¢5 — ¢5) = 0. (A31)

As in [6 and 7] only one of the four terms of equation (A 25) is considered to
contribute to Afy we may require that all of the separate terms in equation (A 28) are
compatible with those of equation (A 25), that is instead of equation (A 31) we have

Cp = € = €5 = (7 = € = CP) = C§3) = ng) = C(3), (A32)
6 =¢ = ¢ =CP = CP = CP = ¢,ete,
yielding
3
2Afy = oV, = V, + ¢cVy) = f:l:?—((V-n)2 — (rotn)* + c(n - V)ny¥), (A33)
where
c = ¢ = CO.
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